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Motivation
It is known that there are several realizations of Yangian. However the
equivalences (or isomorphisms in precise) among them are not completely
established. This is an attempt to give an equal suffrage for them to join the
integrability business, especially in the AdS/CFT.

Realizations of Yangian
Minimal Realization (Min) [cf. Tolstoy(2002)]� �

In addition to therankg-sets of Lie alg. generators(Ei, Hi, Fi), only one level-1 generatoris
sufficient to define the whole YangianY (g). For example,g = sl(4) case,
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[F3, F2], F1

]
The coproduct∆(E4) is non-local and not simple expression.
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For sl(4) case, the isomorphism from Min to D1 is given by

E4 =
[
[F̂3, F2], F1

]
The Lie algebra generators are mapped to themselves.

Drinfeld’s First Realization (D1)[Drinfeld(1985)]� �
The YangianY (g) associated with a Lie algebrag is generated by the level-0 Lie algebraic
generatorsJA and thelevel-1Yangian generatorŝJA with A = 1, · · · , dim g, and satisfying
the following relations,

[JA, JB] = JCfC
AB [JA, ĴB] = ĴCfC

AB
[
J (A, [JB, JC)]

]
= 0[

ĴA, [JB, ĴC]
]
−

[
JA, [ĴB, ĴC]

]
=

ℏ2
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The unfriendly RHS of Serre relation (last one) is required for the compatibility of coproduct,

∆(ĴA) = ĴA ⊗ 1 + 1⊗ ĴA +
ℏ
2
fA

BCJ
B ⊗ JC

� �
The generatorsĴA in D1 is corresponding to D2 generators
(x+i,1, x

−
i,1, hi,1) up to quadratic Lie alg. terms. ForY (sl(4)) case,

Êi = x+i,1 −
1

4

(
{Hi, Ei} +

∑
β=1,2,3

{
Fβ, [Eβ, Ei]

})
and similarly forF̂i’s andĤi’s.

Drinfeld’s Second Realization (D2)[Drinfeld(1988)]� �
In 1988, Drinfeld proposed anewrealization which is more suitable for the representation
theory. This formulation includesall levelsof simple root generators,

x+i,r, x−i,r, hi,r with r = 0, 1, 2, · · · and i = 1, · · · , rankg

The defining relations are not cubic as D1 but quadratic at most, and it looks like a natural
quantizationof the loop algebraU(g)[[u]] with the identificationx±i,r ≃ urx±i .

� �
The relation between D2 and RTT is explained by Gauss decomposition
of T (u) [Brundan-Kleshchev(2004)]. For the simplestY (sl(2)) case,

T (u) =

(
1 0

f (u) 1

)(
d1(u) 0
0 d2(u)

)(
1 e(u)
0 1

)
and it is related to the D2 currents as

h(u) = d1(u + 1
2)

−1d2(u + 1
2), x+(u) = e(u + 1

2), x−(u) = f (u + 1
2)

with h(u) = 1 +
∑
r≥0

h1,ru
−r−1, x±(u) =

∑
r≥0

x±1,ru
−r−1

RTT Realization (RTT) [Faddeev’s school (1980s)]� �
Yangian is also defined by the YBE associated with a rational R-matrix. In fact, plugging
Yang’s R-matrixR12(u) = 1−P12u

−1 with the following RTT relations, we obtain the defin-
ing relations ofY (gl(N)):

R12(u− v)T1(u)T2(v) = T2(v)T1(u)R12(u− v)

T1(u) =
N∑

i,j=1

tij(u)⊗ eij ⊗ 1, T2(u) =
N∑

i,j=1

tij(u)⊗ 1⊗ eij

tij(u) = δij + t
(1)
ij u

−1 + t
(2)
ij u

−2 + · · · ∈ Y (g)[[u−1]]
Y(g) Y(g)

R12
R12

1T T

2

2

TT 1

whereeij is aN ×N matrix units. The coproducts are nicely expressed as

∆(tij(u)) =

N∑
k=1

tik(u)⊗ tkj(u) .

� �

Comparison
Which is thebestformulation?� �

Higher generators Good Notso good

Min One level-1̂En Minimal set
D1 All level-1 ĴA cubic Serre relations
L Simple roots of Level-1 Bridge↓
D2 Simple roots of All levels Repr. theory lots of relations
RTT Everything nice coproducts top down

RTT is a sophisticated formulation but the relations to the others are not so obvious.
D1/Min is bottom-up construction and easy to treat, but not suitable for repr. theory.
L would fill the gap betweenD1/Min(bottom-up) andRTT(top-down).� �

Application for AdS/CFT Yangian
Centrally Extended Lie Algebrapsu(2|2)⋉R3 [Beisert(2005,2007)]� �

It was shown that the magnon scattering on the infinitely extended world-sheet inAdS5×S5

target space is described by two copies ofsu(2|2) algebra.
Furthermore, one of the central chargesC of the extended
psu(2|2)⋉R3 algebra (a, b = 1, 2 andα, β = 3, 4)(

Ra
b Q

α
b

Sa
β Lα

β

)
⋉ {C, P,K }

{
Qα

a, Q
β
b

}
= ϵαβϵabP{

Sa
α, S

b
β

}
= ϵabϵαβK

gives the all-loop magnon dispersion relation. HereR,L are
thesu(2) generators andQ,S are the supercharges.
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In addition, the S-matrix has bonus Yangian symmetriesY (psu(2|2)⋉R3)!� �
Minimal Realization of AdS/CFT Yangian[Molev-TM]� �

The YangianY (psu(2|2)⋉R3) is generated by the standard Chevalley-Serre basis(Ei, Hi, Fi)
with associated O-X-O diagram and one Yangian generatorE4 = Ŝ1

3. The non-trivial rela-
tions are

{E4, F2} = K̂ ∼= iα−1(1 + U−2)C

{E4, E4} =
ℏ2

12

({
F321, F3, F21

}
−
{
F321, F32, F1

}
+
{
F1, F3, K

})
whereFij = [Fi, Fj], Fijk =

[
[Fi, Fj], Fk

]
andℏ = 1/ig.
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It is hard to construct D2 from Min (or D1) in direct. For this purpose,
the following realization interpolate these realizations with the map,

{E4, E321} = −
(
Ĥ1 + Ĥ2 + Ĥ3

)
h′
1,1 = Ĥ1 −

ℏ
4

(
2{R1

2, R
2
1} + {S2

µ, Q
µ
2} − {S1

µ, Q
µ
1}
)
.

Levendorskii’s Realization (L) of AdS/CFT Yangian[Molev-TM]� �

This realization is similar for D2, but only includes level-0 and -1 as well as Min (or D1). In
particular, the generatorh′

i,1 plays a role ofthe Boost Operator(see∗).

[hi,0, hj,0] = [h′
i,1, hj,0] = [h′

i,1, h
′
j,1] = 0

[h′
i,1, x

±
j,0] = ±DAijx

±
j,1 ∗

[x+i,1, x
−
j,0] = δijDiihi,1 ≡ δijDii(h

′
i,1 +

ℏ
2h

2
i,0)

[x±i,1, x
±
j,0]− [x±i,0, x

±
j,1] = ±ℏ

2
DAij{x±i,0, x±j,0}

[h′
i,1, [x

+
j,1, x

−
j,1]] = 0

[[x±1,1, x
±
2,0], [x

±
3,0, x

±
2,0]] = P±

1 : level-1 centers

DAij =

(
2 −1 0
−1 0 +1
0 +1 −2

)
D = diag(+1,−1,−1)

� �
Now we are ready to construct D2 with the use of the boost operator
h′
i,1. The higher charges are inductively constructed by,

x±i,r+1 ≡ ±DA−1
ii [h

′
i,1, x

±
i,r] for i = 1, 3

x±2,r+1 ≡ ±DA−1
12 [h

′
1,1, x

±
2,r] hi,r ≡ Dii[x

+
i,r, x

−
i,0].

D2 of AdS/CFT Yangian [Spill-Torrielli(2008), Molev-TM]� �
After elementary but technical induction, we would obtain the following set of D2 realization
of Y (psu(2|2)⋉R3).

[hi,r, hj,s] = 0 [x+i,r, x
−
j,s] = δijD

−1
ii hi,r+s [hi,0, x

±
j,r] = ±DAijx

±
j,r

[hi,r+1, x
±
j,s]− [hi,r, x

±
j,s+1] = ±ℏ

2DAij{hi,r, x
±
j,s}

[x±i,r+1, x
±
j,s]− [x±i,r, x

±
j,s+1] = ±ℏ

2DAij{x±i,r, x±j,s}
[x±2,r, x

±
2,s] = [x±i,r, x

±
j,s] = 0 for i + j = 4[

x±j,r, [x
±
j,s, x

±
2,t]

]
+
[
x±j,s, [x

±
j,r, x

±
2,t]

]
= 0 for j = 1, 3[

[x±1,r, x
±
2,0], [x

±
3,s, x

±
2,0]

]
= P±

r+s : infinitely many central charges!

D2 realization associated with⊗−⊗−⊗ basis was proposed by Spill-Torrielli(2008).� �
•The relation toRTT formulation is still open problem.

•Need to includeSecret Symmetry! (→ Alessandro’s talk.)
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